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In this paper, we propose a new method to use the strong lensing data sets to constrain
a cosmological model. By taking the ratio Dobsij = θEiσ
2
0j
/θEjσ
2
0i
as cosmic observa-
tions, one can completely eliminate the uncertainty caused by the relation σSIS = fEσ0
which characterizes the relation between the stellar velocity dispersion σ0 and the ve-
locity dispersion σSIS . Via our method, a relative tight constraint to the cosmologi-
cal model space can be obtained, for the spatially flat ΛCDM model as an example
Ωm = 0.143
+0.000769+0.143+0.489
−0.143−0.143−0.143 in 3σ regions. And by using this method, one can also
probe the nature of dark energy and the spatial curvature of our Universe.
Keywords: Strong Lensing; Cosmic Constraints; Dark Energy.
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1. Introduction
In 1998, the observations from type Ia supernovae (SN Ia) implied that our Universe
is undergoing an accelerated expansion 1,2. Meanwhile this accelerated expansion
obtains independent supports from the anisotropy measurements of Cosmic Mi-
crowave Background (CMB) 3 and the large-scale structure of the universe (LSS) 4.
All these data sets indicate that our Universe is currently dominated by an energy
component, dubbed as dark energy, which has a negative pressure and provide a
repulsive force to push the Universe into an accelerating expansion phase. The main
remained energy component is the cold dark matter which provides an attractive
force to form the large scale structure of our Universe. But what is the nature of
the dark matter and the dark energy? What are the properties of the dark energy?
To understand the nature of this dark side of our Universe, one should use the
information from the cosmic observations.
A very exciting new technology of gravitational lensing provides a strong evi-
dence that when the light rays pass through astronomical objects (galaxies, cluster
of galaxies), the cosmological gravitation field bends the paths traveled by light from
distant source to us. This fundamental fact carries with it an enormous amount of
cosmological promise. The most important is the idea that light paths respond to
1
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the distribution of mass. Therefore, the positions of the source and the image are
related through the simple lens equation. The information of the invisible matter
can be deduced by making a thorough inquiry the relation between sources and im-
ages. If one can measure the redshifts of the source and lens, the velocity dispersion
of the mass distribution, the separated image, then one might be able to infer the
distribution of the mass in our Universe.
Up to now, the strong gravitational lensing have developed into an important
astrophysical tool for probing the cosmology 5,6,7,8,9, the structure formation and
the evolution of galaxies 10,11,12,13. The observations of the source and image
combined with lens model can provide the geometric information of our Universe
through the ratio between two angular diameter distances DA(zl, zs) (the angular
diameter distance between lens and source) and DA(0, zs) (the angular diameter
distance between the observer and the source). Then one can use the observed data
of DA(z, zs)/DA(0, zs) to constrain the cosmological models, for example please see
14 for strong lensing and 18 for weak lensing systems.
Assuming that the gravitational lens can be represented by a singular isothermal
sphere (SIS) or singular isothermal ellipsoid (SIE) potential, the Einstein radius in
a SIS (or its SIE equivalent) is given as 13,14
θE = 4pi
DA(z, zs)
DA(0, zs)
σ2SIS
c2
, (1)
where σSIS is the velocity dispersion and c is the speed of light. Of course, this
assumption is not good for a general lensing system, for example the weak-lensing,
but it is a good approximation especially to the strong lensing system where it has
2 images 15,16. The reason is that ellipticity in the lens galaxy mainly affects the
relative numbers of two- and four- image lenses but not their overall measures 17. It
is clear that if the Einstein radius θE and the velocity dispersion σSIS are measured
through lens system, the two angular diameter distances ratio can be derived to
constrain the cosmological model. Acyually, the observed Einstein radius θE can be
obtained from Sloan Lens ACS (SLACS) and Lens Structure and Dynamics survey
(LSD).
The big challenge is how to obtain the velocity dispersion σSIS . Based on the
observations of X-ray, it was argued that there is a strong indication that dark
matter halos are dynamically hotter than the luminous stars 19. Therefore, the ve-
locity dispersion σSIS of the SIS model is different from the observed stellar velocity
dispersion σ0. So to fix the problem, one introduces the relation between the stellar
velocity dispersion σ0 and the velocity dispersion σSIS in the form of
σSIS = fEσ0, (2)
where fE is a free parameter
13,14. Then the problem becomes to how to deal with
the free parameter fE. It is crucial because it mimics the effects of
14: (i) the sys-
tematic rms errors between σ0 and σSIS; (ii) the rms error caused by translation the
observed image separation into θE in SIS model; (iii) decreasing of the typical image
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separations due to the softened isothermal sphere potentials 20. The background
matter and the richer environments of early type galaxies can affect the images sep-
aration by up to ±20% 21,22. It is equivalent to introduce a constant fE in the range
0.81/2 < fE < 1.2
1/2 13. Interestingly, we should mention that the TeVeS/MOND
theory of gravity also predicts an isothermal rotation curve in galaxies, and the
Einstein ring and velocity dispersions of the CASTLES lenses have been calculated
in TeVeS 24.
In order to eliminate the effects and uncertainties caused by the free parameter
fE, in this paper ,we present a new approach that treats fE as a ”nuisance” parame-
ter and harnesses the ratio Dobsij = θEiσ
2
0j/θEjσ
2
0i as cosmic observations to constrain
the cosmological model. In this way, the effects and uncertainties caused by the free
parameter fE are eliminated completely. We collected the 66 strong gravitational
lensing systems from SLACS and LSD surveys 15,29,31,33 as the data points, for
the details please see the Table 3.
2. Methodology and data
Under the assumption of the SIS model 13,14, the Einstein radius θE is given in
the form of Eq. (1) where DA is the angular diameter distance which is defined as
DA(z;p) =
c
H0
(1 + z)
1√
|Ωk|
sinn
[√
|Ωk|
∫ z
0
dz′/E(z′;p),
]
(3)
where sinn(x) is sinh(x) for Ωk > 0, sin(x) for Ωk < 0 and x for Ωk = 0 respec-
tively; here H0 is the Hubble constant and E(z;p) is the dimensionless expansion
rate which depends on the redshift z and the cosmological parameters p. In Refs.
19,25,26,27, the authors pointed out that the velocity dispersion σSIS of the mass
distribution and the observation stellar velocity dispersion σ0 does not equal but
relates via the form (2). In the previous work for example 14, fE was treated as a
free model parameter and was found in narrow range of 1. So, it would be reason-
able to assume it is a constant and try to eliminate it completely. Via the relation
(2), one can obtain D = c2θE/4piσ
2
0f
2
E , here D = DA(z, zs)/DA(0, zs) for different
strong lensing system. If one defines the ratio Dobsij = Di/Dj , where i, j denote
the order numbers of the lensing system as marked in Table 3, then one obtains
Dobsij = θEiσ
2
0j/θEjσ
2
0i which does not depend on the ”nuisance” parameter fE and
only relates to the observed data points θE and σ0 for different strong lensing sys-
tems. This is the apparent merit of our methodology. We should notice that this
ratio dose not depend on the Hubble parameter. Then it dose not introduce any
uncertainty to the results. But on the other side it loses the power to constrain the
cosmological models.
For any strong gravitational lensing system, one can get the theoretical model
ratio by calculating
Dthij (zd, zs;p) = Di(zd, zs;p)/Dj(zd, zs;p). (4)
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Then one can constrain cosmological models by the minimization of χ2 function
which is given by
χ2(p) =
1
2×N
N∑
i=1
N∑
j=1, 6=i
(Dthij (p)−D
obs
ij )
2
σ2D,ij
, (5)
where N = 66 is the number of the strong lensing system and σ2D,ij denotes the
1σ variance of Dobsij . The 1σ error σ
2
D,ij of D
obs
ij can be calculated via the error
propagation equation
σ2D,ij = 4(D
obs
ij )
2(
σσ0,j
2
σ20j
+
σσ0,i
2
σ20i
). (6)
To obtain the cosmological model parameter space, we use the Markov Chain Monte
Carlo (MCMC) method. We modified the publicly available code cosmoMC 23 and
added one module to calculate the χ2 from strong lensing system. We ran 8-chains
and stopped sampling when the worst e-values [the variance(mean)/mean(variance)
of 1/2 chains] R− 1 is of the order 0.01.
3. Constraints to cosmological models
In the simplest ΛCDM model, the dark energy is a cosmological constant Λ which
has a constant equation of state (EoS) wΛ = pΛ/ρΛ = −1. For this simple cosmo-
logical model, the Hubble parameter free expansion rate is written as
E2(z;p) = Ωm(1 + z)
3 +Ωk(1 + z)
2 +ΩΛ, (7)
where Ωm, Ωk and ΩΛ = 1−Ωm −Ωk are the dimensionless energy density for the
cold dark matter, spatial curvature and the cosmological constant respectively. In
this model, we will consider the spatially flat and non-flat cases respectively. For
the spatially flat case, it has only one free model parameter: p = {Ωm}. For the
non-flat case, it has the model parameter: p = {Ωm,Ωk}. The results are shown in
the Table 1 and the Figure 1.
Table 1. The model parameter space with errors for ΛCDM model with
and without spatial curvature.
Parameters flat non-flat
Ωm 0.143
+0.000769+0.143+0.489
−0.143−0.143−0.143 0.130
+0.00740+0.169+0.597
−0.130−0.130−0.130
Ωk − −0.0278
+0.0303+0.0803+0.122
−0.0318−0.0785−0.120
Allowing for a deviation from the simple wΛ = −1 case, for the dark energy with
a constant EoS w, one has the Hubble free expansion rate in the following form
E2(z;p) = Ωm(1 + z)
3 +Ωk(1 + z)
2 +Ωx(1 + z)
3(1+w), (8)
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where Ωx = 1 − Ωm − Ωk. It has two free model parameters p = {Ωm, w} for the
flat case and three model parameters p = {Ωm,Ωk, w} for the non-flat case. The
corresponding results are shown in the Table 2 and the Figure 2.
Table 2. The model parameter space with errors for wCDMmodel with
and without spatial curvature.
Parameters flat non-flat
Ωm 0.141
+0.00269+0.195+0.677
−0.141−0.141−0.141 0.150
+0.00838+0.206+0.581
−0.150−0.150−0.150
w −0.802+0.243+0.443+0.696
−0.235−0.650−1.673 −0.856
+0.322+0.630+0.859
−0.321−0.557−0.775
Ωk − 0.00132
+0.0412+0.189+0.289
−0.0471−0.0871−0.134
By comparison to the results as shown in Ref. 14, our method can give a relative
tight constraint to the cosmological model parameter space. But the effects caused
by fE are removed completely. And, via our method, the spatial curvature can also
be constrained. To compare our results to that from SN Ia Union2.1 34, we reran
the code and found the corresponding results: Ωm = 0.296
+0.0195+0.0778
−0.0232−0.0690 for the flat
ΛCDM model and Ωm = 0.258
+0.0632+0.174
−0.258−0.258 and w = −0.973
+0.303+0.409
−0.305−0.737 for the flat
wCDM model respectively. Clearly, our results are compatible with that from SN
Ia. But the strong lensing system favor lower values of Ωm.
4. Conclusion
In this paper, we present a new method to use the strong lensing system to constrain
the cosmological models. Assuming that the gravitation lens can be represented by a
singular isothermal sphere (SIS) or singular isothermal ellipsoid ( SIE) potential, we
eliminated completely the uncertainty caused by fE which characterizes the relation
between the stellar velocity dispersion σ0 and the velocity dispersion σSIS . By
taking the ratios of Dobsij = θEiσ
2
0j/θEjσ
2
0i as cosmic observations, one can constrain
the cosmological model parameter space very well. And it can be used to probe the
nature of dark energy and the spatial curvature of our Universe.
Appendix A. Strong lensing data Points
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Fig. 1. The 1−D likelihood distribution and 2−D contour plot for ΛCDM model. The up and
bottom panels are for the flat and non-flat cases respectively.
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Fig. 2. The 1 − D likelihood and 2 − D contour plots for wCDM model. The up and bottom
panels are for the flat and non-flat cases respectively.
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Table 3. Values of Dobs = θEiσ
2
0j
/θEjσ
2
0i
from lensing SLACS+LSD lens samples.
System zl zs θE [
′′] σ0 [km/s] Dobs σD ref
SDSS J0037-0942 0.1955 0.6322 1.47 282 ± 11 0.7931 0.1693 15,28
SDSS J0216-0813 0.3317 0.5235 1.15 349 ± 24 1.5527 0.3753 15,28
SDSS J0737+3216 0.3223 0.5812 1.03 326 ± 16 1.5126 0.3753 15,28
SDSS J0912+0029 0.1642 0.324 1.61 325 ± 12 0.9618 0.2039 15,28
SDSS J0956+5100 0.2405 0.47 1.32 318 ± 17 1.1231 0.2535 15,28
SDSS J0959+0410 0.126 0.5349 1.00 229 ± 13 0.7688 0.2172 15,28
SDSS J1250+0523 0.2318 0.795 1.15 274 ± 15 0.9571 0.0996 15,28
SDSS J1330-0148 0.0808 0.7115 0.85 195 ± 10 0.6558 0.1467 15,28
SDSS J1402+6321 0.2046 0.4814 1.39 290 ± 16 0.887 0.2016 15,28
SDSS J1420+6019 0.0629 0.5352 1.04 206± 5 0.5982 0.1224 15,28
SDSS J1627-0053 0.2076 0.5241 1.21 295 ± 13 1.0544 0.2292 15,28
SDSS J1630+4520 0.2479 0.7933 1.81 279 ± 17 0.6305 0.147 15,28
SDSS J2300+0022 0.2285 0.4635 1.25 305 ± 19 1.091 0.256 15,28
SDSS J2303+1422 0.1553 0.517 1.64 271 ± 16 0.6565 0.1518 15,28
SDSS J2321-0939 0.0819 0.5324 1.57 245± 7 0.5605 0.116 15,28
Q0047-2808 0.485 3.595 1.34 229 ± 15 0.5737 0.1366 15,28
CFRS03-1077 0.938 2.941 1.24 251 ± 19 0.7448 0.1861 15,28
HST 14176 0.81 3.399 1.41 224 ± 15 0.5217 0.1250 15,28
HST 15433 0.497 2.092 0.36 116 ± 10 0.548 0.1442 15,28
MG 2016 1.004 3.263 1.56 328 ± 32 1.0110 0.2816 15,28
SDSS J0029-0055 0.227 0.9313 0.96 229 ± 18 0.8008 0.2029 29,30
SDSS J0044+0113 0.1196 0.1965 0.79 266 ± 13 1.3130 0.2908 29,30
SDSS J0109+1500 0.2939 0.5248 0.69 251 ± 19 1.3386 0.3344 29,30
SDSS J0252+0039 0.2803 0.9818 1.04 164 ± 12 0.3791 0.0936 29,30
SDSS J0330-0020 0.3507 1.0709 1.1 212 ± 21 0.599 0.1681 29,30
SDSS J0405-0455 0.0753 0.8098 0.8 160± 8 0.4691 0.1044 29,30
SDSS J0728+3835 0.2058 0.6877 1.25 214 ± 11 0.5371 0.1202 29,30
SDSS J0822+2652 0.2414 0.5941 1.17 259 ± 15 0.8405 0.1934 29,30
SDSS J0841+3824 0.1159 0.6567 1.41 225 ± 11 0.5264 0.1166 29,30
SDSS J0935-0003 0.3475 0.467 0.87 396 ± 35 2.6424 0.7029 29,30
SDSS J0936+0913 0.1897 0.588 1.09 243 ± 12 0.7942 0.1763 29,30
SDSS J0946+1006 0.2219 0.6085 1.38 263 ± 21 0.7348 0.1873 29,30
SDSS J0955+0101 0.1109 0.3159 0.91 192 ± 13 0.5939 0.1428 29,30
SDSS J0959+4416 0.2369 0.5315 0.96 244 ± 19 0.9092 0.2296 29,30
SDSS J1016+3859 0.1679 0.4394 1.09 247 ± 13 0.8205 0.1845 29,30
SDSS J1020+1122 0.2822 0.553 1.2 282 ± 18 0.9715 0.2295 29,30
SDSS J1023+4230 0.1912 0.696 1.41 242 ± 15 0.6089 0.1426 29,30
SDSS J1029+0420 0.1045 0.6154 1.01 210 ± 11 0.6401 0.1438 29,30
SDSS J1032+5322 0.1334 0.329 1.03 296 ± 15 1.2470 0.2782 29,30
SDSS J1103+5322 0.1582 0.7353 1.02 196 ± 12 0.5521 0.1289 29,30
SDSS J1106+5228 0.0955 0.4069 1.23 262 ± 13 0.8181 0.1818 29,30
SDSS J1112+0826 0.273 0.6295 1.49 320 ± 20 1.0075 0.2366 29,30
SDSS J1134+6027 0.1528 0.4742 1.1 239 ± 12 0.7613 0.167 29,30
SDSS J1142+1001 0.2218 0.5039 0.98 221 ± 22 0.7306 0.2055 29,30
SDSS J1143-0144 0.106 0.4019 1.68 269 ± 13 0.6314 0.14 29,30
SDSS J1153+4612 0.1797 0.8751 1.05 226 ± 15 0.7131 0.1704 29,30
SDSS J1204+0358 0.1644 0.6307 1.31 267 ± 17 0.7978 0.1883 29,30
SDSS J1205+4910 0.215 0.4808 1.22 281 ± 14 0.9488 0.211 29,30
SDSS J1213+6708 0.1229 0.6402 1.42 292 ± 15 0.8803 0.1969 29,30
SDSS J1218+0830 0.135 0.7172 1.45 219 ± 11 0.4849 0.108 29,30
SDSS J1403+0006 0.1888 0.473 0.83 213 ± 17 0.8013 0.2043 29,30
SDSS J1416+5136 0.2987 0.8111 1.37 240 ± 25 0.6164 0.1775 29,30
SDSS J1430+4105 0.285 0.5753 1.52 322 ± 32 1 0.2811 29,30
SDSS J1432+6317 0.123 0.6643 1.26 199 ± 10 0.4608 0.1026 29,30
SDSS J1436-0000 0.2852 0.8049 1.12 224 ± 17 0.6568 0.1642 29,30
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Table 4. Continue: Values of Dobs = θEiσ
2
0j
/θEjσ
2
0i
from lensing SLACS+LSD lens
samples.
System zl zs θE [
′′] σ0 [km/s] Dobs σD ref
SDSS J1443+0304 0.1338 0.4187 0.81 209 ± 11 0.7906 0.1778 29,30
SDSS J1451-0239 0.1254 0.5203 1.04 223 ± 14 0.701 0.1648 29,30
SDSS J1525+3327 0.3583 0.7173 1.31 264 ± 26 0.78 0.2183 29,30
SDSS J1531-0105 0.1596 0.7439 1.71 279 ± 14 0.6673 0.1486 29,30
SDSS J1538+5817 0.1428 0.5312 1 189 ± 12 0.5237 0.1235 29,30
SDSS J1621+3931 0.2449 0.6021 1.29 236 ± 20 0.6329 0.1653 29,30
SDSS J1636+4707 0.2282 0.6745 1.09 231 ± 15 0.7177 0.1704 29,30
SDSS J2238-0754 0.1371 0.7126 1.27 198 ± 11 0.4525 0.1030 29,30
SDSS J2341+0000 0.186 0.807 1.44 207 ± 13 0.4362 0.1026 29,30
MG1549+3047 0.11 1.17 1.15 227 ± 18 0.6569 0.167 31,32
PG1115+080 0.31 1.72 1.21 281 ± 25 0.9567 0.2552 33
